Phonons, i.e., quanta of lattice vibrations, manifest themselves practically in all electrical, thermal, optical, and noise phenomena in semiconductors and other material systems. Reduction of the size of electronic devices below the acoustic phonon mean free path creates a new situation for the phonons propagation and interaction. From one side, it may complicate heat removal from the downscaled devices. From the other side, it opens up an opportunity for engineering phonon spectrum in nanostructured materials, and achieving enhanced operation of nanoscale devices. This chapter reviews the development of the nanoscale phonon engineering concept and discusses possible device applications. The focus of this review is on tuning the phonon spectrum in the acoustically mismatched nano-and heterostructures in order to change the ability of semiconductors to conduct heat or electric current. New approaches for the electron-phonon scattering rates suppression and improvement of the carrier mobility as well as for formation of the phonon stop-bands are discussed. The phonon engineering concept can be potentially as powerful as the band gap engineering, which led to some ground-breaking developments in the electronics.
INTRODUCTION
Phonons are quantized modes of vibration occurring in a rigid crystal lattice, such as the atomic lattice of a solid. One can speak of a gas of phonons, which are quasi-particles of the energy and quasi-momentum p = q obeying Bose-Einstein statistics. 1 Phonons manifest themselves practically in all properties of materials. For example, acoustic and optical phonons limit electrical conductivity. Optical phonons strongly influence optical properties of semiconductors while acoustic phonons are dominant heat carriers in insulators and technologically important semiconductors. The long-wavelength acoustic phonons give rise to the sound waves in solids, which explains the name phonon.
Similar to electrons, one can conveniently characterize the properties of phonons by their dispersion q , i.e., dependence of the phonon frequency on its wave vector q. In bulk semiconductors with g atoms per unit cell, there are 3g phonon dispersion modes for every value of q. In the limit of long waves, three modes describe the motion of the unit cell, and form the three acoustic phonon branches. The other 3 g − 1 modes describe the relative motion of atoms in a unit cell, and form the optical phonon branches. Acoustic phonons have nearly liner dispersion, which can be written as = V S q (where V S is the sound velocity). Optical phonons, in general, are nearly dispersion-less for small q values (long-wavelength approximation) and have a small group velocity V G = d /dq.
Spatial confinement of phonons in nanostructures and thin films can strongly affect the phonon dispersion and modify phonon properties such as phonon group velocity, polarization, density of states as well as affect phonon interaction with electrons, point defects, other phonons, etc. Modification of the acoustic phonon dispersion is particularly strong in freestanding thin films or in nanostructures embedded into elastically dissimilar materials. Such modification may turn out to be desirable for some applications while detrimental for others. Thus, nanostructures offer a new way of controlling phonon transport via tuning its dispersion relation, i.e., phonon engineering. 2 The concept of engineering the phonon dispersion in nanostructures has the potential to be as powerful as the concept of the band-gap engineering for electrons, which revolutionized the electronic industry. In this review we describe the modification of the acoustic phonon properties and its influence on the electron-acoustic phonon interactions in hetero-and nanostructures. The discussion also includes optical phonons in heterostructures. Specifically, we show that the modification of the optical phonon spectra, size quantization of the optical quasi-bulk modes and emergence of the interface optical modes strongly affect the electron mobility when it is limited by the polar optical phonons.
The idea of looking at the changes that acoustic phonon spectrum experiences in heterostructures has a rather long history. In 50s, Rytov published a series of theoretical papers 3 where he analyzed acoustic vibrations in "artificial thinly-laminated media" (something, which now would be referred to as a superlattice) and described folded phonons in such media. The folded phonons were later observed in quantum well superlattices made of different semiconductors 4 . In 80s and early 90s there have been significant amount of theoretical work done aimed at calculating the confined acoustic phonon-electron scattering rates in freestanding thin films and nanowires. Some notable examples of this work include papers from the research groups of Stroscio, 5 Mitin, 6 Nishiguchi, 7 and Bandyopadhyay. 8 Many of the papers on the subject used the elastic continuum approach for calculating phonon dispersion and adopted solution techniques developed in acoustics and mechanics. The prime motivation was to see if the spatial confinement and quantization of the acoustic phonon modes in freestanding thin films or nanowires produces noticeable effect on the deformation potential scattering of electrons. The opinions were split about how important the acoustic phonon confinement in the description of electron transport in low-dimensional structures. Some theorists argued that the phonon-confinement induced changes for macroscopic characteristics, such as carrier mobility, are not pronounced. 7 9 Others have found that the deformation potential scattering can be substantially suppressed for certain electron energies. 6 8 The interest to the subject has been renewed when Balandin and Wang 10 pointed out that the confinementinduced changes in the acoustic phonon dispersion may also have an effect on the thermal conductivity. The changes in the phonon group velocity and density of states lead to the alteration of the acoustic phonon relaxation on defects and in three-phonon Umklapp processes 10 11 The reduction of the thermal conductivity, being a bad news for the thermal management of downscaled electronic devices, is good news for the thermoelectric devices, which require materials with high electrical conductivity and low thermal conductivity. 12 Further developing the idea, Balandin et al. [13] [14] [15] [16] have theoretically shown that in the thin films or nanostructures embedded in the acoustically "fast" materials (materials with larger sound velocity), the phonon group velocity and thermal conductivity can be enhanced along certain directions (see Fig. 1 ). A possibility of forming phonon stop-bands in quantum dot superlattices and inhibition of the thermal conductivity, beneficial for thermoelectric applications has also been predicted, 17 As a result, the concept of phonon engineering has been extended to include tuning of the acoustic phonon transport to achieve the desired thermal conductivity of the material. Due to the continuing reduction in the electronic device feature size and increased integration densities, the thermal management at nanoscale gains a particular importance.
More recently, the idea of engineering the phononelectron scattering rates received a new impetus. It has been demonstrated 13 18-22 that the effect of the phonon confinement can be made stronger if one considers a hetero-or nanostructure coated with the elastically dissimilar material. In this case, there appears a strongly non-uniform distribution of the phonons in heterostructure layers. The acoustic hardness of the material is characterized by its acoustic impedance = V s , where is the mass density and V s is the sound velocity. This effect can be used in the design of the nanoscale transistors, vertical field-effect transistors, alternative-gate dielectric transistors, etc. As the transistor feature size W reduces well below the acoustic phonon mean free path (MFP), which is on the order of 50 nm-200 nm in Si at room temperature, the possibilities for engineering phonon dispersion to improve the carrier and heat transport increase tremendously.
The change in the thermal conductivity of semiconductors due to the phonon confinement bares important consequences for electronic industry in a view of continuous
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Phonon Engineering in Hetero-and Nanostructures miniaturization. Heat in technologically important semiconductors is mostly carried by acoustic phonons. The feature size of the state-of-art transistor is already below the room-temperature phonon MFP in Si. In hetero-and nanostructures with feature size W much smaller than the phonon MFP, the acoustic phonon spectrum undergoes strong modification and appears quantized provided the structures are free standing or embedded within material of different elastic properties. 14 19 This modification is particularly strong when the structure feature size approaches the scale of the dominant phonon wavelength d 1.48 V s /k B T . Here k B is the Boltzmann constant, T is the absolute temperature, and is the Plank's constant. For many crystalline materials d is on the order of 1.5 nm-2 nm at room temperature, which is about the size of a gate dielectric thickness.
Thermal conductivity in-plane of thin films or along the length of nanowires can decrease for two basic reasons.
The first is the co-called classical size effect on thermal conductivity related to increased phonon-rough boundary scattering. 23 24 This effect is pronounced when W is on the order of phonon MFP. It can be observed even in bulk samples at low temperature when the phonon MFP is long. If the structure dimensions W MFP, another effect takes place. Due to flattening of the dispersion branches, the population average phonon group velocity decreases leading to the increased phonon scattering on defects and in Umklapp processes over certain ranges of the phonon energies. [10] [11] Embedding nanostructures into acoustically faster and harder barrier (cladding) layers can lead to the overall increase in the average phonon group velocity. In the described phenomena, the lateral (cross-plane) confinement of acoustic phonon modes in structures with W MFP affect in-plane (along the length) phonon and heat transport.
Recently, Li et al. 25 reported on fabrication and measurement of thermal conductivity in single crystalline freesurface Si nanowires with diameters as small as 22 nm. The experimentally observed strong decrease of the thermal conductivity K in such nanowires (K ∼ 9 W/cm K at T = 300 K) was in excellent agreement with the earlier theoretical prediction (K ∼ 13 W/cm K at T = 300 K) of Zou and Balandin, 11 which explained the decrease by the acoustic phonon confinement and boundary scattering in Si nanowires.
Spatial confinement of acoustic phonons in nanoscale structures with the large mismatch of the acoustic impedances , at the boundaries can strongly affect the phonon spectrum and substantially modify the electronphonon interaction in comparison with bulk. Analyzing the confined phonon dispersion we came to the conclusion that the sound velocity V s has to be used as an additional parameter (together with the acoustic impedance) to characterize the effects of the boundaries. Thus, in the discussion to follow we will use terminology "acoustically soft" for the material with small and "acoustically slow" for the material with small V s . In such structures, both confinement of electron states and acoustic phonons should be taken into account while calculating the scattering rates.
Most recently, Pokatilov et al. 15-16 19 have shown theoretically that in heterostructures, such as thin films or nanowires embedded into acoustically slower and softer materials, the drastic modifications of the phonon dispersions take place and the acoustic properties of different layers are hybridized in each of the phonon branches. In all calculated dispersion curves s q there are wide regions of the phonon wave vector q, where the phonon group velocities d s q /dq are close to the bulk velocity in the slower and softer materials. There also exist narrow regions of q, where d s q /dq are close to the bulk velocity in the faster and harder materials. The phonon modes from the wide q regions with the small group velocities practically do not penetrate into the harder and faster nanostructure layers (the effect, we refer to as phonon depletion in the harder and fast layers). At the same time, the phonon modes from the narrow q regions with the high group velocities are concentrated in the harder and faster materials (the phonon accumulation or localization in the harder and fast layers).
ACOUSTIC PHONON DISPERSION IN THE ACOUSTICALLY MISMATCHED HETEROSTRUCTURES
In order to investigate the role of the cladding (barrier) material on the acoustic phonon spectrum of ultra-thin films we consider a free-standing single thin film, e.g., slab, and a free-standing three-layered structure, e.g., double heterostructure. Both structures have a nanometer feature size along the growth direction. A schematic view of the slab and three-layered structure are shown in the insets to Figures 2(a-b) . The axis X 1 and axis X 2 in the Cartesian coordinate system are in the plane of the layers while the axis X 3 is directed perpendicular to the layer surfaces. The layer thickness is denoted by
The structure is symmetric,
As an example system we first consider AlN/GaN/AlN heterostructure. Here we limit our analysis to wurtzite GaN as technologically more important. It is further assumed that the layers have hexagonal symmetry with a crystallographic axis c directed along a coordinate axis X 3 .
Theoretical Model for Confined Acoustic Phonons
The theoretical model and the calculation procedures described in this section mostly follow the derivation reported in Ref. [14] . The equation of motion for the elastic vibrations in an anisotropic medium can be written as
where U U 1 U 2 U 3 is the displacement vector, is the mass density of the material, mi is the elastic stress tensor given by, mi = c mikj U kj and U kj = 1 2 U k / x j + U j / x k is the strain tensor. The normal acoustic vibration modes in multilayered structures have been studied by Rytov 3 in homogeneous (c iklm = const.) and isotropic medium approximation by enforcing the boundary conditions on all interfaces of the structures. In this chapter we modify the form of the boundary conditions to make them more convenient for the numerical solution for a multilayered wurtzite heterostructure. When taking derivatives in Eq. (1), one has to take into account that the system is non-uniform along the X 3 axis. The elastic modules are the piece-wise functions of x 3 : 
Thus, we have five independent elastic constants to characterize the material. An application of the anisotropic continuum model allows us to explicitly include the specifics of lattice structure of wurtzite crystals. The equations of motion obtained in anisotropic medium approximation with such selection of the elastic constants will be completely different from the equations of motion in the isotropic elastic medium approximation or anisotropic medium approximation for cubic crystals.
The axis X 1 is assumed to be along the propagation direction of the acoustic waves. Since the three-layered structure is homogeneous in the plane (X 1 X 2 ), we look
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where u i are the amplitudes of the displacement vector components, is the phonon frequency q is the phonon wave vector and i is imaginary unit. A shear polarization, e.g., the displacement vector is parallel to the structure surfaces, can be distinguished from the others using the following definition
By substituting Eq. (4) for i = 2 to Eq. (5) and taking into account Eqs. (2)- (3), one can turn the partial differential Eq. (5) into an ordinary second order differential equation
(6) Derivatives dc ik /dx 3 account for the fact that the structure is heterogeneous. In the case of a slab, one can obtain a simple analytical solution from Eq. (6) by setting dc 44 /dx 3 = 0 (see, for example Refs. [26, 27] ). The external surfaces of the three-layered structure are assumed to be free. As a result, the force components along all coordinate axes equal to zero, e.g., P 1 = P 2 = P 3 = 0, where P i = ik n k , and n is the vector normal to the surfaces of the structure n = 0 0 n 3 ). Thus, on the outer surfaces of the structure the following relationship is satisfied
For the two other vibrational polarizations (i = 1 3) with the displacement vector components U 1 and U 3 = −iU 3 we obtain the system of two interrelated equations using Eqs. (1) and (4) . These equations are given as
with the following boundary conditions on the outer surfaces of the structure
Due to the spatial symmetry of the considered threelayered structure and the mathematical form of Eqs. (8)- (9) , the displacement vector should have components with an opposite parity, e.g., u distinguish independent vibrational polarizations which, together with the shear modes, compose a full set of normal vibrational modes in the structure. In the case of a slab the SA modes are referred to as dilatational modes while AS modes are termed the flexural modes. 
Confined Phonon Dispersion
To obtain the vibrational spectrum, e.g., phonon dispersion, of the three-layered structure we solve the differential Eq. (6) with boundary condition of Eq. (7) for shear polarization, and the system of Eqs. (8)- (9) subject to the boundary conditions of Eq. (10) for SA and AS polarizations. The equations are solved using the finite difference method. The calculations are performed for each value of the phonon wave vector q from the interval q ∈ 0 /a , where a is the lattice constant in the plane (X 1 , X 2 ). Since we are interested in the properties of ultra thin films (quantum wells), we assume that the structure is non-relaxed and, thus, the lattice constant is the same for both the thin film and barrier materials. The phonon dispersion is calculated for all three polarizations: shear, SA and AS. Material parameters used in our simulations have been taken from Refs. [28] [29] [30] [31] .
The characteristic features of the phonon dispersion relations can be easily seen on the plots of the phonon group velocity as a function of the wave vector q, which is given as
Here the superscript denotes the polarization type, while the subscript s is the quantum number of the modes with a given polarization. Using the above expression we than calculate the group velocity for each mode. First, we consider phonon modes of the shear polarization, for which the effects of quantization and the system heterogeneity are exhibited in more pronounced way than those for SA and AS polarizations. For convenience of the further discussion, we refer to such heterostructure as a type-I structure to emphasize that the cladding layers are thicker than the core layer. One can see Fig. 3(a) ). With increasing q all dispersion curves approach a limit 0 q = v 0 q, where v 0 = v TA 2 (GaN) and v TA 2 is the velocity of the transverse acoustic wave propagating along X 1 axis and polarized along X 2 axis (TA 2 polarized waves). The mode with s = 0 is bulk-like for all values of q. For large values of q (see Figs. 2(a-b) ) modes with s = 0 also become GaN bulk-like. Note, that in the case of the clamped surface boundary conditions (which can be obtained in the limit of the claddings with the infinite hardness only) the zero bulk-like mode vanishes. The strong size-quantization of the phonon spectra for the small values of q, emergence of quasi-optical modes and significant decrease of the phonon group velocity (v s q < v TA 2 (GaN)) constitute the phonon confinement effects in an ultra-thin slab. These effects were shown to have a pronounce influence on the lattice (phonon) thermal conductivity of semiconductor quantum wells. 10 The inhomogeneity of the three-layered structure changes the shape of the dispersion curves both quantitatively and qualitatively (compare panels (a) and (b) in Figs. 2 and 3) . The steep segments of each of the dispersion curves in Figure 2 (b) distinguish these curves from the monotonic dispersion curves of Figure 2 (a). These segments are arranged in order of increasing mode number s and can be joined together by a straight line, which is indicated in Figure 2 (b) by the symbol "L '. One can also define a characteristic velocity as L q = v L q. As one can see from Figure 3 (b), the phonon group velocities on these segments coincide approximately with the velocities of TA 2 bulk phonons in AlN. Thus, on a straight line L the phonon modes are (AlN, TA 2 ) bulk-like.
The dispersion curves to the left and above the line L appear to look like dispersion curves in a slab. This region of strong phonon size-quantization is qualitatively similar for all considered structures and polarizations. The modes with small s and large phonon wave vector q split off down from line L and are (GaN, TA 2 ) bulk-type. For large s at large q the phonon modes are (AlN, TA 2 ) bulktype (see Fig. 3(b) ). The phonon modes in the multilayered structure are formed as result of superposition of vibrations from different layers on the structure interfaces, which leads to the mode hybridization. It is interesting to note, that depending on the q value the hybrid modes can reveal signatures of the specific layers signatures rather then those of the averaged structure properties. For example, the group velocity for the mode with s = 1 at moderate q is v TA 2 (AlN), while at large q the group velocity is v TA 2 (GaN), although the total width of the cladding AlN layers is five times larger than the width of the core GaN layer. The group velocity of the mode s = 5 tends monotonically to the bulk velocity v TA 2 (AlN). Figure 4 illustrates "retraction" of the mode s = 0 to the acoustically slow core GaN layer from the acoustically fast AlN cladding layer as the phonon wave vector q increases. As a result the group velocity of this mode changes from v = v TA 2 (AlN) at small q to v = v TA 2 (GaN) for large q. 
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Phonon Engineering in Hetero-and Nanostructures , where v LA is the velocity of the longitudinal acoustic wave propagating along X 1 (LA polarized waves). In the limit of large phonon wave vectors q, the group velocity is the same for almost all modes. Its value is slightly lower that the bulk transverse sound velocity v TA 1 (AlN) (see Fig. 5 (a)) and v TA 1 (GaN) (see Fig. 5 (d)) due to the phonon confinement or "slab" effect. Here v TA 1 is the velocity of the transverse acoustic wave propagating along X 1 axis and polarized along the reference axis (TA 1 polarized waves). The appearance of line L in the phonon energy dispersion for a simple slab is explained by mixing of waves with potential and solenoidal polarizations (LA and TA 1 polarizations in a bulk limit). Figure 5 (c) presents results for the structure, which we refer to as structure type-II to identify that it consists of a "thick" core layer and "thin" cladding layers. In the tree-layered heterostructures of type-I and type-II one can spot two characteristic lines (L and L ) shown in Figures 5(b, c) ). Correspondingly, the group velocity curves in Figures 6(b, c) display two different maxima. The sequence of the higher maxima corresponds to the ) and v TA 1 (GaN) (see Fig. 5(c) ). One can notice that AS and SA modes display more the individual layer properties rather than the averaged properties of the heterostructure. Although the narrow region between lines L and L can be though of as the one having properties, which are average of the core and cladding layer properties. Another observation is that the Rayleigh line (R) (Ref. [3] ), which is present in Figures 5(a, d) for simple slabs does not appear in the heterostructure energy spectra (Figs. 5(b, c) ).
The behavior of the phonon dispersion and group velocity is determined by the specifics of the distribution of the displacement vectors in the layers of the heterostructure. As an example, in Figures 7(a-d) we show the components of the displacement vectors u The results are shown for four phonon modes: (a) n = 0, k = 0 05 nm For calculation of different macroscopic characteristics of nanostructures, such as thermal and electrical conductivity, heat capacity, etc., it is required to know the spectral density of the phonon mode distribution, e.g., phonon density of states. In the considered plane structures with thin core and cladding layers the phonon wave vector is two-dimensional. Thus, the phonon density of states for each of the SA, AS or shear polarizations with given mode number s is defined by the expression
The total phonon density of states for all polarizations is obtained by a summation over all s For the type-I and type-II three-layered structures the total phonon density of states F SA AS sh is presented in Figure 8 . For comparison, the total phonon density of states in simple GaN and AlN slabs is also shown. The oscillatory behavior of the density of states functions in the three-layered structure for each polarization is a manifestation of the phonon mode quantization and their quasi-optical nature q = 0 = 0 . Local steps in the density of states correspond to the onsets of new phonon branches when their cut-off frequencies are reached. Altering the phonon density of states in the three-layered structure for low frequencies can lead to the significant change in the electron-phonon scattering rates particularly for low temperatures.
The average phonon group velocity is an important characteristic that determines, for example, the lattice thermal conductivity of bulk semiconductors or nanostructures. 10 11 We calculate the average phonon group velocity for each polarization as a velocity of a wave packet with the modes populated in accordance with the Bose-Einstein distribution function
where n /T ) is the Bose-Einstein equilibrium distribution function for phonons. Figure 9 shows the average phonon group velocityv SA AS sh T . The results are presented for all three phonon polarizations: SA (red line), AS (blue line), and shear (green line). In type I and type II heterostructures, the average velocity of the thermal phonon current is considerably higher than that in the GaN slab, which is explained by the influence of the AlN cladding. For example, in the type-I structure at T = 300 K the following ratios for the group velocities were found Our results demonstrate that it is possible to tune the velocity of the phonon flux in a semiconductor quantum well layer over a wide range of value. By proper selection of the material and width of the cladding layers one can either considerably increase or decrease the phonon group velocity in the core quantum well layer. This is an important capability for heat transport. Indeed, thermal conductivity coefficient K T can be approximately written as K T ∼ C V V where C V is the specific heat per unit volume, is the average phonon mean free path, and V = v SA AS sh is the phonon group velocity averaged over all polarizations and directions. For small wave vectors in bulk material this velocity coincides with the sound velocity. Thus, the thermal conductivity coefficient depends on the phonon velocity implicitly and through the phonon mean free path , which is a strong function of the phonon group velocity. In the next subsection we examine the range over which the group velocity can be changed by combining the acoustically fast and acoustically slow materials.
In order to demonstrate a possibility of strong modification of the phonon group velocity and, correspondingly the heat current in confined structures, by choosing cladding layers, we consider two new structures. Structure type-III is a GaN layer embedded in some acoustically slow and soft plastic material: plastic/GaN/plastic. We consider that GaN layer is very thin, on the order of 1 nm, so that it can be considered as a quantum well. The chemical structure of the plastic material used for the cladding layers is not essential for our analysis. We only assume that the sound velocity in bulk plastic is 2000 m/s, and mass density is 1 g/sm 3 . The chosen values of these parameters correspond to those of a large number of materials used in practice. 32 Another structure under consideration, type-IV, consists of a very thin layer of plastic embedded within two layers of the acoustically fast material such as sapphire: Al 2 O 3 /plastic/Al 2 O 3 . We carry out simulations for these two new structures following the procedure outlines above.
In Figures 10 (a-b) and 11(a-b) we show the dispersion relations k for SA modes in the structure type-III (the thickness of the core GaN layer is fixed at 1 nm while the thickness of each of the two cladding layers spans the values 3 nm and 10 nm) and in structure type-IV (the thickness of the core plastic layer is fixed at 1nm while the thickness of the Al 2 O 3 cladding layers spans the values 3 nm and 10 nm). In Figure 10 (a) the slope of the line L is approximately equal to the velocity of LA phonons in plastic v L ≈ v LA (Pl) while the slope of the dispersion branches SA q to the right from this line approaches TA phonon velocity in plastic v TA (Pl). The GaN core contribution is suppressed in this type of structure since the plastic cladding effect and the slab-like phonon confinement effect both lead to the same dispersion flattening. Therefore the type-III heterostructure becomes effectively plastic slablike. The acoustically slow cladding of the GaN thin films acoustically fast cladding layers do not completely overcome the "slowness" of the core layer. Therefore, the effect of the phonon acceleration in type-IV heterostructure is weaker than the effect of deceleration in type-III heterostructure. The effect of the phonon deceleration in type-III heterostructure (3 nm/1 nm/3 nm) is illustrated in Figure 12 for the phonon branches s = 0 2 4, and 6. One can see from this figure that in the wide interval of q the phonon velocity in this heterostructure is close to the bulk Pl velocity and considerably smaller than the velocities of GaN-slab or bulk.
It is also interesting to compare the averaged phonon group velocity in the three-layered heterostructures and in the corresponding bulk material. For example, in the type-IV structures, the average velocity of the thermal phonon current in the core layer can be made higher than that in the corresponding bulk material. Such velocity increase is due to the influence of the acoustically fast and "thick" cladding layer. In the type II structure ("thin" cladding layer, "thick" core layer) the average velocity in the core GaN layer is lower than that in the bulk GaN. The latter is due to the fact that effect of the barrier here is less pronounced and the velocity change in the core GaN layer is mostly defined by the phonon mode quantization and flattening of the polarization branches (see Figs. 2-3 ). This is in line with the prediction of the significant decrease of the phonon group velocity in free-standing quantum wells (or slabs) 10 and nanowires. 11 We can also conclude that the velocity of the "core-like" phonons in the heterostructure with the fast (slow) claddings also increases (decreases) in comparison with the slab.
In the summary for this section, it has been shown that by proper selection of the cladding material parameters and its thickness, one can make the group velocity in the core layer of such heterostructures either larger or
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Phonon Engineering in Hetero-and Nanostructures smaller than in corresponding slab and bulk. For example, it was demonstrated that in a structure that consists of a 1 nm thick GaN core layer embedded into 2.5 nm thick AlN cladding layers, the population averaged phonon group velocity at 300 K is about 30% higher than in GaN slab. The fact that phonon group velocity in heterostructures can be modulated bears important consequences for phonon heat transport and thermal management of electronic devices.
CONFINED ELECTRON-CONFINED PHONON SCATTERING RATES IN THREE-LAYERED HETEROSTRUCTURES
In this section we describes the specifics of the confined electron-confined phonon scattering rates on the example of GaN slabs with d = (2 nm, 10 nm) and the threelayered AlN/GaN/AlN heterostructures with dimensions (4 nm/2 nm/4 nm) and (2 nm/6 nm/2 nm). For convenience of futher discussion, we refer to such heterostructures as type A ("thick" barrier-"thin" core) and type B ("thin" barrier-"thick" core) heterostructures, respectively. Details of the calculation of normal phonon modes in AlN/GaN/AlN heterostructures are described in Section 2 of this review. The normal modes with displacement vector U parallel to the layers do not interact with charge carriers. Therefore, only two types of normal modes of SA and AS polarization interact with charge carriers The displacement vectors U for SA and AS modes lie in the X 3 q plane, where q is a wavevector of normal vibration. The dispersion relations for type A heterostructure are shown in Figure 13 for both SA (a) and AS (b) polarizations.
One can see from these figures that only zero SA mode and zero AS mode are bulk-like. All the other modes are quantized and quasi-optic in nature, e.g., q = 0 = 0.
Confined Electron States
We limit our consideration to wurtzite GaN and AlN compounds. Since wurtzite lattice lacks inversion symmetry, the heterostructure layers are spontaneously polarized. The vector of spontaneous polarization P sp is oriented along the c axis. Due to the lattice constant a mismatch, a(GaN) > a(AlN) by 2.5%, in the type A heterostructure the core GaN layer is uniformly squeezed in the plane X 1 X 2 , while in the type B heterostructure the cladding AlN layers are stretched in the same plane. As shown in Refs. [33] [34] [35] such deformation does not relax for the layer thickness d(GaN, AlN) < 3 nm and induces polarization P st . The total polarization includes two components, e.g., P tot = P sp +P st . If the GaN core layer is relaxed (not under strain) then P tot = P sp . Theoretical estimates for the build-in electrostatic field F induced by total polarization P tot give the value of about 10 6 V/cm. [36] [37] The Schrödinger equation for the transverse electron motion in the considered three-layered heterostructure can be written as
Here is the Plank's constant, m x 3 is the effective mass of an electron along the reference axis c and m ⊥ x 3 is the effective mass of an electron in the X 1 X 2 -plane, V b x 3 is the barrier potential and V build-in x 3 = −eF w 3 x 3 , where e is the electron charge, F w 3 is the component of the build-in electrostatic field along X 3 axis in the quantum well. Eq. (16) determines the energy of electron level witn quantum number n, n is the wave function of the electron state witn a quantum number n.
In Figure 14 the flat band (V build-in = 0; FB) potential well is depicted by the violet line while the triangular potential well (TB), which corresponds to the built-in electric field intensity F w 3 = 4 MV/cm, is shown by the green line. This value of the built-in field, chosen for numeric calculations, has been adopted from Ref. [38] . The energy levels (bottom of the corresponding subband) for the ground and first excited subbands in the FB and TB wells are presented in Figure 14 with the violet and green lines, respectively. One can see that in the case of FB the wave function n=1 x 3 is distributed uniformly over the layer thickness while in the case of TB the wave function n=1 x 3 becomes strongly asymmetric and attains its maximum approximately in the distance equal to one third of the core layer thickness from the interface. This feature of the wave function results in substantial modification of the confined electron-confined phonon interaction in the case of TB as compared with the case of FB.
Confined Electron-Confined Acoustic Phonon Interaction
In this section we describe the derivation of the Hamiltonian for the confined electron-confined phonon interaction in a three-layered piezoelectric heterostructure following Ref. [20] . The expansion of the displacement vector over the normal modes has the form
where index = (SA, AS) indicates the polarization type and index s = 0 1 2 N is the quantum number of a normal phonon mode. The displacement vector for the s q -normal mode is given by the equation 
where a 1c and a 2c are the deformation constants for the conduction band. Numerical values of these constants were selected in line with those reported in Ref. [29] . One can see from Eq. (22) The piezoelectric potential function induced by s q acoustic phonon mode is found from the solution of the Poisson equation given by 
where
It follows from Eq. (23) that the symmetry of function p s is the same as the symmetry of the polarization vector component w 3 s . As a result, the even piezoelectric potential corresponds to normal AS mode and vice versa.
We write the potential function for the ripple interaction as in Ref. [39] :
It follows from Eq. (24) that the symmetry of the function rip s is opposite to the symmetry of the polarization vector component w 3 s . Thus, the even ripple potential corresponds to the normal SA mode and vice versa. Functions
AS p s=0
for a GaN slab (d = 2 nm) and for the type A heterostructure (d = 10 nm) are shown in Figure 15 (a). Note that the functions for the GaN slab and AlN/GaN/AlN heterostructure with equal thicknesses are similar. For small phonon wave vectors q the absolute value of the function in the heterostructure with d = 10 nm and in the slab of the same thickness is more than the absolute value of this function in the structure with d = 2 nm. This leads to the enhancement of piezoelectric interaction with increasing structure thickness for the electrons with relatively small momentum, e.g., for non-degenerate electron gas at low temperatures.
Confined Electron-Confined Phonon Scattering Rates
The quantum mechanical probability of the system transition from the initial state i to the final state f due to electron-phonon interaction can be calculated according to Fermi's golden rule
where summation is performed over all finite states of a system. Eq. (26) determines the number of electronphonon collisions per second, e.g., scattering rate, with which the electron transfers from some initial state i with energy i to the finite state f with energy f . Calculation of the relaxation time using Eq. (26) allows one to compare the intensities of electron-phonon interaction for different interaction mechanisms or, for the same mechanism, compare the scattering rates in different structures. For the remainder of the chapter we will assume that the upper sign in the momentum conservation law k = k ± q corresponds to phonon absorption while the lower sign corresponds to phonon emission. Taking into account this conservation law and, after integration over an angle in the cylindrical coordinate system, one can rewrite Eq. (26) in the following form (27) where N s is the phonon equilibrium occupation number, s is the phonon frequency, and functions ∓ and G s n n are given as
Note that in Eq. (27) , n = n corresponds to intrasubband transitions, and n = n corresponds to intersubband transitions. The electron size quantization energy in heterostructures with a thickness on the order of several nanometers, is much larger than the electron thermal energy at room temperature. In this case, one can assume that only one subband (n = 1) is occupied, and intersubband transitions are possible for the non-equilibrium system state, which can be created, for example, by optical excitation. 40 41 The function G Figure 15 (b) for the GaN slab (d = 10 nm) and for the type A heterostructure. In the slabs, the electron interacts mainly with the lowest modes (s = 0 1 2), Ref. [27] while in the heterostructures the electron interacts intensively with all modes (s = 0 1 2 3 ). In Figure 15 (b) one can see the strength of the interaction between an electron in the ground state and seventh normal acoustic SA mode.
Comparison of the Scattering Rates and Discussion
Calculated intrasubband scattering rates
in GaN slab and heterostructures are presented in Figures 16 and  18 . In Figures 16(a-b) one can see the scattering rates in the GaN slab with the thickness d = 2 nm. The confined electron-confined phonon scattering rates in type A and type B heterostructures are shown in Figures 17(a-b) and 18(a-b), respectively. One can notice in these figures that the phonon absorption processes −1 abs ) are described by the smooth functions due to the fact that all phonon modes participate in the absorption process, although with different contributions determined by the value of the matrix element. The functional dependence is different for the phonon emission processes −1 em ) where the well-defined steps are clearly seen at energies step = s q = 0). This corresponds to the beginning of phonon emission when the phonon energy equals to the electron energy. These characteristic steps distinguish the confined electron-confined phonon scattering rates in heterostructures from the scattering rates for free electrons interacting with bulk phonons for which the relaxation rate is proportional to the square root of electron energy , i.e., −1 ∼ 1/2 . The calculated scattering rates are also different from the confined electron-bulk acoustic phonon scattering rates shown in em . More discussion on the difference between electron-confined phonon and electron-bulk phonon scattering rates in crystals of cubic structure can be found in Refs. [6, 7, 27, 39] . One can also notice in Figure 16 that since in the "thin" GaN slab with d = 2 nm the phonon quantization is stronger than in type A and in type B heterostructures with d = 10 nm (see Figs. 17 and  19 ), the first steps in the "thin" slab are shifted to higher energies.
The number of normal branches in the heterostructure can be estimated as d/c 1c , where c 1c is the lattice constant (c 1c = 0 51 nm for GaN [29] ). Our calculations have shown that inclusion of the higher phonon branches does not influence the results (within the calculation error of ∼0.5%). It follows from this estimate that two normal modes (bulk like s = 0 and quantized s = 1) of each polarizations (SA and AS) are in the "thin" GaN slab, whereas ten normal modes of SA and AS polarizations are in both type A and type B heterostructures (including two modes
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Phonon Engineering in Hetero-and Nanostructures ) in heterostructures is the involvement of the higher phonon modes into the emission processes. Figure 15(b) shows that higher phonon modes in heterostructures intensively interact with electrons due to confinement of the electron in the heterostructure core layer. In the type B heterostructure the electron wave function is shifted to the heterostructure surface by the built-in electric field. Therefore the symmetry with respect to the central plane is broken. As a result, the electron deformation potential interaction with AS modes and the electron piezoelectric interaction with SA modes emerge, while the deformation potential interaction with SA modes and the piezoelectric interaction with AS modes become weaker. Note that in the type A heterostructure, the built-in electric field does not practically influence the value of −1 ) because of the small potential bias.
The dependence of the scattering rate on the nanostructure thickness (See Figs. 16(a) and 17(a) ) is a manifestation of the size quantization effect in electron-phonon interaction. There is no such effect in bulk because of the increase in the number of normal acoustic modes, which is proportional to V (where V is the sample volume) and is compensated by the decrease in their amplitudes ∼V −1/2 while computing the scattering rate −1 . Analogously, in nanostructures the number of normal acoustic modes increases as ∼d and the amplitude of each modes decreases as ∼d −1/2 . At the same time, the efficiency of the deformation potential interaction of electrons with the higher normal acoustic phonon modes in a thicker heterostructure is weakened (see Fig. 17 ). As a result, the scattering rate decreases with increasing thickness d (compare Figs. 16(a) and 17(a) ).
The piezoelectric potential interaction is a long-distance interaction. To estimate its dependence on the structure thickness, we can write, using Eq. (23) Optical excitation of electrons into the first exited subband followed by relaxation to the ground state subband can be characterized by the function
). This function is shown in Figure 19 (a). The reverse process, due to thermal excitation, is described by the function −1 12 (see Fig. 19(b) ). The main contribution to these transitions comes from the deformation potential interaction owing to the large value of the electron momentum. The total relaxation rates, e.g., absorption and emission processes together, −1 abs + em are shown in Figure 20 (a). The average total relaxation rates tot T 2nm slab are explained by the reasons stated above. In brief they can be formulated as follows (i) inclusion of the higher normal modes in the scattering processes in heterostructures, (ii) enhancement of the piezoelectric potential interaction (∼d 1/2 ) and weakening of the deformation potential interaction (∼d −1/2 ) with the increasing layer thickness d. In the structures without piezoelectric polarization the inequalities are different from the previous case and are given as
tot T 10 nm slab . Therefore, the fast claddings decrease the electron-phonon interaction in the materials without the built-in electric field and, correspondingly, increase the electron mobility in such heterostructures in comparison with the generic slab without the claddings. Figures 21(a-c) presents the intra-subband scattering rates where = d p rip. The contribution of the ripple interaction for a given type of heterostructure is small (<1%) so that −1 11 T curves are not shown, but the contribution of this relaxation mechanism is accounted for in the sum. Figure 21 (a) shows the scattering rates for the deformation potential confined electron-confined phonon interaction with SA acoustic phonon modes only. The interaction of the confined electrons in the first subband with AS phonon modes is prohibited due to the symmetry of the electron wave function. For simplicity, when calculating the electron wave functions in 2 nm GaN well layer, it is assumed that the spontaneous and piezoelectric field effect do not lead to a significant tilting of the carrier band structure.
The scattering rates obtained using the confined electron wave function and bulk phonons are also presented in Figure 21 by the dashed lines. As one can see from this figure, there scattering rates are different from the scattering rates obtained using the confinement phonon modes for both deformational and piezoelectric scatterings. Therefore, while calculating the electron scattering rates in nanostructures one has to take into account both the electron and phonon confinement. It follows from Figure 21 that the scattering rate due to the deformation potential in type A heterostructure is smaller than that in the thin slab, while the total scattering rate in the heterostructure is larger than in the thin slab due to the strong piezoelectric scattering in the heterostructure.
Concluding this section, we established that in thin three-layered wurtzite heterostructures the electrons have stronger coupling to the high-energy phonon modes than in the slabs. This effect may be useful in design of highfrequency GaN-based devices when a fast electron relaxation is required. It has also been observed that in thicker heterostructures the built-in electric field enhances electron interaction with AS phonon modes via deformation potential and with SA phonon modes via piezoelectric potential. At the same time, the total scattering rate
AS remains approximately constant with the variation of the built-in electric field. In the considered heterostructures piezoelectric interaction plays the main role in the intrasubband scattering while the deformation potential interaction dominates the intersubband scattering. The results obtained for confined electron-confined phonon interaction in wurtzite AlN/GaN/AlN thin heterostructures extend the concept of phonon engineering and can be used for optimization of GaN-based electronic and spintronic devices.
PHONON DISTRIBUTION IN THE ACOUSTICALLY MISMATCHED HETEROSTRUCTURES
In this section we show that modification of the acoustic phonon spectrum in heterostructures with the large acoustic impedance mismatch core / cladding at the interface between the core and cladding layers results in the strong nonuniform distribution of the phonon modes in heterostructure layers (in Ref. [19] this effect was called the phonon depletion in the acoustically hard layer). The latter is achieved if the heterostructure parameters (thickness and mass density) are properly tuned and the cladding layers are acoustically slower and softer than the core layer, i.e., V
Core s > V
Cladding s and Core > Cladding . The discussion in this section mostly follows Ref. [19] with some minor terminology changes. To describe the effect, one can solve the elasticity equation using the standard approach (see Section 2) and choose the free-surface boundary (FSB) conditions at the outside boundaries of the heterostructure. Such approach combined with FSB was shown to give accurate results for slab and wire geometries. 7 14 27 We verified that the use of clamped-surface boundaries at the outside surface of the heterostructure leads to quantitatively similar results.
Phonon Distribution in the Embedded
Acoustically Hard Thin Films Figure 22 (a) shows phonon dispersion branches s x 3 q for SA polarization in plastic/GaN/plastic heterostructure with dimensions 4 nm/2 nm/4 nm. As one can see, the dispersion for zero mode (s = 0) is similar to the transverse acoustic (TA) phonon mode in bulk plastic with sound velocity v ≈ 1 km/s. Other dispersion branches (s = 1 2 ) correspond to quantized quasi-optical. In Figure 22 (a) the lowest phonon branches s = 1 2 9
are shown. The continuum approach does not limit the number of quantized phonon branches. We assume that the number of all branches, which participate in the electron-phonon interaction, is not lager than the ratio d/c (for wurzite GaN c = 0 51 nm). The quasi-optical branches have parabolic type dispersion ( ∼ q 2 ) for phonon wave vectors close to the Brillouin zone center with characteristic sharp change of the slope indicated by the straight line L. The slope along L is close to the sound velocity of the bulk TO phonon in GaN (∼4 km/s). This narrow region of q values with drastic change in the dispersion slope is dominated by the elastic properties of the acoustically fast core layer. For all other values of q, the slopes of the dispersion curves are significantly smaller. It means that the average group velocity of the phonon modes for a given dispersion curve, which extend through the whole heterostructure, is between the bulk TA and longitudinal acoustic (LA) phonon velocities in the acoustically soft and slow plastic (the region near the LA bulk mode velocity of 1.6-1.9 km/s is denoted by line L ). The width of the regions with the high velocity is relatively small (∼0.1 nm −1 ). Thus, in average vibrational properties of the considered heterostructure are dominated by the acoustically slow cladding materials.
To elucidate the phonon depletion effect, we introduce a new parameter, phonon depletion coefficient, through the energy considerations. The total lattice vibration energy in heterostructure is given by
where U ik = 1/2 U i / x k + U k / x i , and modules of elasticity of heterostructure layers c iklm = c iklm x 3 . Here, the first term represents kinetic energy and the second term is potential energy of the lattice oscillations. Substituting Eqs. (18)- (19) to Eq. (31), and using orthonormalization condition of Eq. (20), we can write the energy of the normal mode in the form
where indices 1 and 2 are related to the core and cladding layers of the heterostructure, respectively. The terms in Eq. (32) are structured in such a way that the first one corresponds to the energy E s 1 q of elastic vibrations of the ( s q) normal mode in the core layer while the second one to the energy of vibrations E s 2 q in the cladding (barrier) layers. We now define the phonon depletion coefficient s q as a ratio of the elastic energy inside the core layer to the elastic energy in the whole heterostructure (both energies are taken per unit volume) 
According to this definition, s q shows the relative amount of lattice vibrational energy inside the core layer with respect to the total energy per unit thickness of the heterostructure. It is also illustrative to compare the mean square polarization vectors of the normal modes in the core layer of the heterostructure with the mean square polarization vectors in slabs (thin films without cladding layers that affect the phonon dispersion). For this purpose, we introduce the phonon damping coefficient r s q d defined as
where w s sl q x 3 is the polarization vector w s q x 3 in the slab with thickness d and w s h q x 3 is the polarization vector w s q x 3 in the heterostructure. In Figure 22 (b) we presented the logarithm of the phonon-depletion coefficient taken with negative sign, i.e., ) a significant depletion of phonons in the core layer is observed. It is important to note here that the phonon depletion takes place for all modes and over almost all values of q. Only phonons within the narrow wave-vector interval that corresponds to the maximum-slop region of the dispersion curves (line L in Fig. 22(a) ) make up an exception. The minima of the SA s curves in Figure 22 (b) correspond to the regions of sharp slope change in Figure 22(a) . In such regions (where SA s ≤ 0 (see Fig. 22(b) )) the phonons are localized in the core layer. For all other values of q the phonons in the core layer are practically absent (phonon depletion).
In Figure 23 we compare the mean square polarization vector w s q x 3 for the analogous phonon modes of the acoustically mismatched heterostructure and generic slab. Figure 23(a) shows the phonon-damping coefficient log 10 r s q d = 10 nm . The thickness of the slab (d = 10 nm) is chosen equal to the total thickness of the heterostructure. One can see from this figure that the mean square polarization vectors in GaN core layer is almost two orders of magnitude less than those in the slab. This result holds over a wide range of the phonon wave vector q values. The narrow regions of q, where log 10 r s q d ≤ 0, are also clearly seen from the graphs. It is even more illustrative to compare the lattice vibrations in the core layer of the heterostructure with those in the GaN slab of the same thickness as the core layer, i.e., d = 2 nm. We will consider two lowest branches for GaN slab. Figure 23(b) shows the damping coefficient log 10 r s q d = 2 nm for both modes. The mean square polarization vectors in the slab exceed that one in the core layer of the acoustically mismatched heterostructure by many orders of magnitude for almost all q. The lattice vibrations are strongly damped in the heterostructure core in wide intervals of q.
The physical origin of the described phonon concentration in the cladding layers (or depletion in the core layer) of the acoustically mismatched heterostructure is redistribution of the displacement U s ∼ A s w s x 3 , which leads to the situation when there are much less lattice vibrations in the core layer than in the acoustically slow cladding layers. The latter is illustrated in Figure 24 , which shows the components w 
ACOUSTIC PHONON PROPERTIES OF NANOWIRES WITH ELASTICALLY DISSIMILAR BARRIERS
In this section we describe the acoustic phonon spectra and phonon propagation in the rectangular and cylindrical nanowires embedded within the elastically dissimilar materials. As example systems we consider GaN nanowires with AlN and plastic barrier layers. Our discussion in this section mostly follows Refs. [15] [16] . The barriers with the lower sound velocity compress the phonon energy spectrum and reduce the phonon group velocities in the nanowire. The barriers with the higher sound velocity have an opposite effect. The physical origin of this effect is related to re-distribution of the elastic deformations in the acoustically mismatched nanowires.
Theoretical Model for the Rectangular Nanowires with Barriers
We consider a generic rectangular nanowire, which forms a potential quantum well, confined in a rectangular barrier shell (see insets to Fig. 25 ). As an example material system we have chosen a nanowire made of GaN. At the same time, our calculation procedure can be applied to any combination of the nanowire and barrier materials. It is assumed that GaN crystal lattice has wurtzite structure with reference axis c along the nanowire axis. The axis X 3 of the Cartesian coordinate system is directed along the c axis, while axis X 1 and axis X 2 are in the cross-sectional plane of the nanowire, parallel to its sides (see insets to 
In deriving these equations, we first made substitution u 3 = −iu 3 and then renamed the variable again as u 3 ≡ u 3 .
The considered structure has two distinctively different symmetry planes. From the invariance of the system of Eqs. (36)- (38) for reflection operations in these planes, there are four possible types of solution. 7 These solutions can be denoted as Dilatational modes (D): u 
The displacement vector in the arbitrary point of the nanowire can be presented as the superposition of all normal modes in the following form
(39) where A n q t is the amplitude of the normal mode with the polarization ( ), for the phonon branch enumerated by the quantum number n, and with the phonon wave number q. Vectors w should satisfy the normalized conditions, written as
where integrals in Eqs. (40)- (41) are taken over the surfaces of the cross-sectional planes of the nanowire. The outside boundaries of the nanowire, i.e., outside surfaces of the barrier shell, can be either clamped or free. In the case of the clamped boundaries, the boundary conditions on the outside surfaces of the nanowire barrier shell have the form w 1 = w 2 = w 3 = 0, while in the case of the free boundaries P 1 = P 2 = P 3 = 0, where P i = ik n k is the force component and n k is the component of the unitary vector normal to the outer surface. Note, that coefficients in Eqs. (36)- (38) 
Theoretical Models for the Cylindrical Nanowires with Barriers
A schematic view of the considered cylindrical nanowire is presented in the insets to Figure 26 . To fully use the advantage of the cylindrical symmetry of structure, we use the cylindrical coordinate system with the radius vector r and angle in the cross-sectional plane, and axis Z along the nanowire axis. The radius of the nanowire core is designated as R 1 while the total radius of the heteronanowire (nanowire with the barrier layer) is designated as R. The thickness of the barrier shell (coating layer) is R = R−R 1 . Both radii are assumed to be in the nanometer scale range to ensure the phonon confinement. The length of the nanowire is considered to be infinite. The phonon energy spectrum of the freestanding nanowire without coating is also calculated for comparison with the spectra in coated nanowires. In the cylindrical coordinate system, the displacement vector U has the following components: U r r z , U r z , U z r z . Since the considered structure is homogeneous in the Z direction, we search for the solution of Eq. Phonon Engineering in Hetero-and Nanostructures
Acoustic Phonon Engineering in Nanowires with Acoustically Dissimilar Barriers
The solutions of Eqs. (36)- (38) for the rectangular nanowires and Eqs. (43)- (45) for the cylindrical nanowires have been found numerically using the finite difference method. In this section we present the phonon dispersion relations for all types of the phonon polarizations with both free and clamped external boundary conditions for the barrier layers. The material parameters for GaN and AlN required for our calculations have been taken from Refs. [14, 29] . Figure 25 shows the plots of the phonon dispersion for the dilatational polarization in the "bare" rectangular GaN nanowire of 4 nm × 6 nm cross-section ( Fig. 25(a) ), GaN nanowire with AlN barriers of 4 nm × 6 nm and 2 nm× 3 nm nanowire cross-section (Figs. 25(b,  d) ) and GaN nanowire with plastic barriers of 4 nm×6 nm and 2 nm × 3 nm nanowire cross-section ( Fig. 25(c) ). The phonon dispersions in Figure 25 (d) are plotted for the clamped boundary conditions (CBC) at the outside surface of the barrier layers. The rest of the curves are plotted for the free-surface boundary conditions (FBC) at the outside surface of the barrier layers. In the case of the clamped outside boundaries the bulk-like phonon branches are absent in the phonon spectra, and all phonon energy levels are size quantized. As one can see from the comparison of the plots in Figures 25(b) and (d) , the change of the outside boundary conditions from the free surface to the clamped surface leads to enhancement of the size quantization in the low-energy part of the phonon spectrum but only weakly influence the high-energy branches. The latter can be explained by the fact that the position of the high-energy levels is mostly determined by the inverse of the lattice parameter 1/a, whereas the size quantization in the low-energy part of the spectrum depends on 1/d.
The influence of the elastic properties of the barrier shells are seen very well in the dilatational phonon spectra of the embedded nanowires. The acoustically soft and slow plastic barrier layers lead to the increased density of the phonon branches per energy interval while the acoustically fast AlN barrier layers lead to the density decrease. In the nanowire of 4 nm × 6 nm cross-section the energy interval of 6 meV (see Fig. 25(a) ) includes the first 9 branches for q = 0. In the nanowires with the acoustically soft plastic barriers the same number of low-energy levels fits into a considerably less energy interval of only 1.8 meV. In the case of GaN nanowire with the acoustically fast AlN barrier layers the first 9 levels are positioned entirely within the 7.5 meV energy interval in Figure 25 (b) for FBC and in the 11 meV energy interval in Figure 25 (d) for CBC. In comparison with generic slabs, i.e., thin films, the phonon spectrum of nanowires with and without barrier layers is characterized by lower density of phonon branches per unit energy interval.
In Figure 26 (a) we present the breathing modes for cylindrical GaN nanowire with the core radius R 1 = 6 nm embedded into the acoustically soft plastic shell with the thickness R = 4 nm. The total radius of the coated nanowire is R = 10 nm. Each of the dispersion curves in the coated nanowire has narrow regions with distinctively different slopes. The steep segments of the dispersion curves reflect the properties of the "acoustically fast" material (GaN in this case). These segments can be approximated by a straight line, which is indicated in Figure 26(a) by the symbol L. The slope of the straight line L is close to the sound velocity of the bulk transverse acoustic (TA) phonons in GaN. The slope of the straight line L is close to the sound velocity of the bulk longitudinal acoustic (LA) phonons in the plastic material. It is interesting to note that the extent of the regions with the small slopes (in momentum space) is approximately one order of magnitude larger than the extent of the regions with the steep slopes although the cross-section area of "acoustically slow" material is only a factor of two larger than the cross-section area of the "acoustically fast" material. Another effect produced by the acoustically mismatched barrier layer is the compression of the confined phonon branches (increased number of branches per energy interval). The latter can be seen from the comparison of the spectrum in Figure 26 (a) with that of the nanowire without coating shown in Figure 26(b) . The breathing modes in uncoated GaN nanowire are calculated for the radius R = 6 nm, which is equal to the radius of the coated nanowire core in Figure 26 (a). In Figure 26 Similar features can be seen in the spectra of the torsional oscillations with m = 0. Figure 27(a) shows the torsional phonon modes in the nanowire with the core radius R 1 = 6 nm and the barrier shell thickness R = 2 nm. For comparison, Figure 27 (b) presents the torsional phonon modes for the uncoated GaN nanowire with the radius R = 6 nm. The dispersion of the torsional phonon modes in cylindrical nanowires resembles that of the shear phonon modes in thin films. 14 The torsional vibrations in the coated nanowire (which are also transverse) are hybridized. Their structure reflects the different acoustic properties of the nanowire core and the barrier shell. Figure 28 (a) shows the circular phonon modes of the order (m = ±2) in the nanowire with the core radius R 1 = 6 nm and barrier shell thickness R = 2 nm. For comparison in Figure 28(b) , the same modes are presented for the nanowire without the barrier shell (coating). The amplitude of the oscillations for torsional modes periodically changes along the circumference while the directions of the vectors u ⊥ = u r u are anti-parallel at the opposite ends of the nanowire diameter.
The phonon group velocity dependence on the frequency for different type of modes in the coated and uncoated rectangular and cylindrical nanowires is presented in Figures 29 and 30 , respectively. The phonon One can see in Figures 29-30 , that the presence of the acoustically soft and slow plastic barriers has led to a strong reduction of the phonon group velocity by factor of 3 in both cylindrical and rectangular nanowires in comparison with bare GaN nanowires. The presence of AlN barriers leads to an opposite effect of increasing by factor of 1.3 the phonon group velocity in the nanowire (see Fig. 30 ). It is important to point out that a simple averaging of the elasticity modules and mass densities in the considered nanowires with the barrier layers, like it is done in the effective medium approximations, 24 would not have led to such strong velocity dependence on the barrier structure.
In summary, the acoustically mismatched nanowire coating (barrier shell) introduces significant modification to the phonon spectrum and group velocities. Moreover, different types of the phonon modes are sensitive to both the coating material and its thickness. The latter opens 
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Phonon Engineering in Hetero-and Nanostructures and can become important tuning parameters for phonon engineering. 23 24 
ENHANCEMENT OF THE ELECTRON MOBILITY LIMITED BY OPTICAL PHONONS
The electron mobility in polar semiconductors at room temperature and above is limited by the electron-phonon scattering. 44 The intensity of the electron-phonon interaction in semiconductor heterostructures depends on the electron wave function and energy spectrum as well as on the optical and acoustic phonon dispersion. Changing geometry and material parameters of heterostructures one can affect both the carrier and phonon spectrum. In this section we show that heterostructures made of wurtzite AlGaN/GaN/AlGaN offer an extra degree of freedom in tuning the electron-phonon interaction via adjustment of their built-in electric field or introduction of shallow In x Ga 1−x N channel-nanogroove in the middle of the GaN potential well. Our discussion in this section mostly follow Refs. [21] [22] .
Electron-Optical Phonon Interactions and Electron Mobility in Wurtzite Heterostructures
Electron-optical phonon interactions define many important properties of semiconductors and manifest themselves in polaronic effects, appearance of the broad impurity absorption bands, etc. 44 In the kinetic processes the optical phonons play an important role by limiting the electron mobility at high temperatures. The reported calculations of the electron mobility in nanostructures are usually limited to two special cases: (i) thick and (ii) ultra-thin conductive channels. In the first case the bulk approach is used and the electron confinement, phonon confinement, and interaction between electron and interface phonons are not taken into account. In the second case it is assumed that only the ground electron subband is occupied and the inter-subband electron transitions can been neglected. 45 46 However, in heterostructures with nanometer scale conduction channels (d > 5 nm), which are important for practical applications, the energy distance between the quantized electron levels
0 n is the energy of n-th quantized level) can be smaller than the optical phonon energy and the inter-subband electron transitions play an important role. 21−22 In order to account for the inter-subband transitions in QWs we derived in Ref. [21] the system of two integral equations for the electron kinetic relaxation times. This system is the extension of the Boltzmann transport equation introduced in the convenient form in Ref. [27] . The system of two integral equations has been modified to include the phonon dispersion. The modified equations, derived under the assumption of a spherical electron Brillouin zone, are written as
where n = 1 2. In Eq.
(
E − E is the probability of a transition of the electron-phonon system from the state with energy E to the state with the energy E , f
, is the electron energy, p and p are the electron momentum in the initial and final states, is the quantum number of the confined and interface optical phonon branches, 1 ) is the kinetic relaxation time of an electron with energy in the first (ground) subband, which includes electron transitions within the first subband (1 ←→ 1) and transitions from the first to the second subband (1 → 2), 2 ) is the kinetic relaxation time of an electron in the second subband, which includes transitions from the second to the first subband (2 → 1) and the transitions within the second subband (2 ←→ 2).
The Hamiltonians of interaction of electrons with the symmetric (S) and asymmetric (A), confined (C) and interface (IF) optical phonon modes, i.e., H [47] . We have calculated the drift electron mobility T using the equation obtained by extending the standard formalism 1 to include the inter-subband transitions
where m ⊥ n is the effective electron mass, averaged by electron wave functions of n-th energy level (see Eq. (17) from Section 3). To solve Eq. (47) we generated a mesh with the step of 0.2 meV. The upper boundary energy of max = 600 meV was chosen from the condition max opt . The system of 2N (N = 3001) liner equations for the values of 1 and 2 in the nodal points l l = 1 N has been solved numerically. The system of the equations was terminated with the condition l + q ≈ N when l + q > N N = max opt . The calculated relaxation times were plugged into Eq. (48) to obtain the mobility.
Electric Field Effect on the Electron Mobility in
Wurtzite AlN/GaN/AlN Heterostructures
The strong built-in electric field, characteristic for AlN/GaN interface, creates a triangular potential well in GaN layer. In Figure 31 we show the electron wave function (w.f.) for the ground (n = 1) and the first excited (n = 2) states in AlN(3 nm)/GaN(6 nm)/AlN(3 nm) heterostructure, which are confined along z-axis (growth direction). Z-axis coincides with c crystallographic direction and originates in the middle of QW. The electric field value indicated in Figure 31 is the difference between the built-in and external field, i.e., = F built-in − F ext . The value of determines the slope of the potential well in the GaN layer. When = 0, the built-in electric field is entirely compensated by the perpendicular external field: F built-in = F ext . To better elucidate the effect it is assumed that the carrier concentration is not affected by the external field. Since the barrier height is ∼1.918 eV the electrons do not spill over and can move only along the QW layer. As the QW slope increases, the electron w.f. for the ground We determined the optical phonon spectra in such heterostructure using equations from Ref. [48] . Our calculations show that for relevant carrier concentrations (N s = 10 12 cm −2 -N s = 10 13 cm −2 ) the mobility in QW with the compensated field = 0 is limited by the inter-subband transitions (1 ←→ 2) rather than the intra-subband transitions (1 ←→ 1). The latter is true even in the case when the phonon energy max only slightly exceeds the energy 0 2 −¯ required for the inter-subband transition. For the non-degenerate electron gas (NEG) the energy¯ is defined as¯ = 0 1 + k B T while for the degenerate electron gas (DEG)¯ is equal to the Fermi energy F . Since the third subband is much higher in energy ( 0 3 = 367 4 meV for = 0) its effect is negligible. Thus when the optical phonon energy is comparable with the energy difference 0 2 −¯ the inter-subband transitions dominate the scattering.
In the framework of our theoretical approach one can make the following observations. The intra-subband scattering in the ground state (1←→1) is determined by the matrix element The results for room temperature mobility with the low, medium, and high electron densities are shown in Figure 32 . The first observation is that increasing electron density reduces the electron mobility due to enhancement of the inequality > inter-subband transitions more intensive. With increasing the energy gap between subbands widens and the intrasubband scattering becomes the only scattering mechanism. The effect of the uncompensated field = 0 is two-fold. From one side, the field reduces inter-subband scattering (1 → 2), but enhances intra-subband scattering (1 ←→ 1). In NEG case (N s = 10 12 cm −2 ) in the field range = 250-300 kV/cm the transitions (1 → 2) weaken and the reduction of slows. In the limit of high fields ( = 2000 kV/cm), is defined by the transitions (1←→ 1) with absorption of a phonon (the phonon-emission limited mobility is approximately three times larger). For N s = 5 · 10 12 cm −2 the range of the fields when transitions (1→2) dominate is wider. Weakening of the intersubband transitions leads even to a moderate growth of and appearance of a maximum near ∼ 700 kV/cm. For fields ∼ 2000 kV/cm the intra-subband transitions with the absorption and emission of a phonon became approximately equal in strength. In DEG case (N s = 10 13 cm −2 ) with the externally compensated built-in field = 0 intra-subband transitions (1←→1) with phonon emission become important, while the interval of switching on the inter-subband transitions (1 → 2) extends in energy. Strengthing of the electron-phonton interaction leasds to nearly monotonic reduction in the carrier mobility with increasing . Figure 33 shows the ratio of the mobility in QW with the compensated field to that with uncompensated field = 0 T / = = 0 T as a function of temperature T . The results are presented for three values of the uncompensated field = 500 kV/cm, = 2000 kV/cm and = 4000 kV/cm, electron concentrations. For NEG (N s = 10 12 cm −2 ) the mobility at = 0 is larger than that at = 0 since the electron-phonon interaction is stronger in the tilted QW with the uncompensated built-in electric field. With increasing T , the mobility ratio monotonically decreases from ∼8 ÷ 9 at T = 100 K to ∼3 at T = 300 K. One should note here that T < 100 K range requires separate consideration since at low temperatures the electron mobility is limited by acoustic phonons and impurity scattering. 49 50 For higher N s = 5 · 10 12 cm −2 , the room temperature mobility is enhanced by a factor of ∼2 for GaN QWs with the compensated electric field (with the initial built-in field between 2000-4000 kV/cm). In DEG case (N s = 10 13 cm −2 ) we observe the mobility enhancement of a factor of ∼3 in the whole tempetature range.
Electron Mobility Enhancement in AlN/GaN/AlN
Heterostructures with InGaN Nanogrooves
Very recently, Indium Nitride (InN) attracted a lot of attention after it was discovered by Davydov et al. 51 and confirmed by independent studies [52] [53] that its band gap is small, E G (InN) = 0 7 eV, contrary to the previously widely accepted value of nearly 2 eV. Although InN is rarely, if ever, used in devices in its binary form, when alloyed with GaN it forms a core constituent of the blue laser diode. In this letter we show that InGaN alloy utilized in electronic devices can substantially improve the room-temperature carrier mobility in wurtzite AlN/GaN/AlN heterostructures, which is limited by the polar optical phonons. Our approach for the mobility enhancement is based on the combination of the electron band-gap engineering and the phonon engineering ideas. 10 11 15 21 54-55 In the proposed heterostructure InN is used as an example of material, which is compatible with GaN and yet has much smaller band gap.
We consider a narrow groove made of In x Ga 1−x N (with small In content x) inside a wurtzite AlN/GaN/AlN heterostructure, which forms a quantum well (QW). The resulting step-like profile of the confining potential is shown in Figure 34 . To demonstrate the effect we compare the electron drift mobility in the reference AlN (3 nm)/GaN (8 nm)/AlN (3 nm) QW and in QW with 2 nm-wide nanogroove, i.e., AlN (3 nm)/GaN (3 nm)/ In x Ga 1−x N (2 nm)/GaN (3 nm)/AlN (3 nm).
The built-in field tilts the band diagram and creates a triangular potential well, which localizes the charge carriers. We carried our calculations for two values of the built-in field F built-in = 600 kV/cm and F built-in = 1000 kV/cm Ref. [56] . The conduction band offset at GaN/AlN interface was estimated as E QW = 0 7 × E G AlN − E G GaN = 1918 meV. The nanogroove does not confine the electron wave function but affects its position in the confining AlN/GaN/AlN QW. The depth of the nanogroove is calculated as E 0 = 0 8 × E G GaN − E G In x Ga 1−x N . The band gap of In x Ga 1−x N is approximated as E G Ga 1−x In x N = 1 − x E g GaN + xE G InN − x 1 − x b, where b is the bowing parameter and E G InN = 0 78 eV. 29 The reported values of the bowling parameter for InN vary from 1 eV to 4.5 eV, depending on the In content x. 29 We should note though that for all values of b from this interval we can obtain a nanogroove deep enough for our purposes. In the calculations, we used b = 3 eV reported in (Refs. [57, 58] ) for In x Ga 1−x N with x < 0 2. The electron energy spectrum and wave function have been found by solving Schrodinger equation using the standard finite-difference method.
Analysis of Figure 34 reveals the effect of growing In concentration x in the nanogroove layer on the electron wave function (the built-in field F built-in is assumed to be 600 kV/cm). Due to the built-in field, in the conventional AlN/GaN/AlN QW the electron w.f. is squeezed to one of the AlN/GaN interfaces. In QW with In x Ga 1−x N nanogroove, the increase in In content leads to the electron w.f. (and probability density) shift to the middle of QW, thus, among other things, reducing the electroninterface optical phonon interaction. For x changing from 0 to 0.02, the nanogroove depth increases but the energy difference 21 Table I ). As x continues to grow, the 21 trend reverses since the electron w.f. becomes more localized; the shift closer to the QW center continues. For x = 0 03 the w.f. maximum is almost exactly in the middle of the well. The energy 21 , the energy difference between 0 2 and the Fermi level F for different x and two values of the built-in field F built-in are listed in Table I to elucidate the trends. The data is presented for the temperature T = 300 K and practically relevant electron concentration N s = 5 · 10 12 cm −2 (degenerate electron gas).
The phonon engineering aspect of our analysis is electron interaction with the interface phonons at the nanogroove boundaries. The In x Ga 1−x N nanogroove has been introduce to push the electron w.f. away from the AlN/GaN interface, and tune the electron energy 21 . In content x = 0 07 for small q and the lowest symmetric (S) and antisymmetric (A) IF modes is smaller than 0.03. As a result, the reduction of the electron mobility due to the introduction of additional In x Ga 1−x N/GaN interfaces is below 1% for x = 0 07.
The room-temperature electron mobility , calculated as a function of x, is shown in Figure 35 for three electron densities N s = 10 11 cm −2 , N s = 10 12 cm −2 and N s = 5 · 10 12 cm −2 . The initial mobility reduction in the interval 0 < x ≤ 0 02 is explained by the enhanced inter-subband scattering due to the proximity of 0 2 and F energy levels (see Table I ). Further increase of In content in the In x Ga 1−x N nanogroove (x ≥ 0 04) leads to a gradual suppression of the inter-subband transitions (via stronger w.f. localization), and weakens electron interaction with the AlN/GaN interface phonon modes owing to the w.f. shift to the QW center (see Fig. 34 ). At the same time, electron interaction with the confined optical phonons starts to grow due to the increase of the electron density in the middle of QW. The interplay of these trends results in a achieving a maximum mobility for x in the range 0.045-0.055.
For x ≥ 0 055, the mechanisms, which led to the mobility enhancement (weakening of the inter-subband transitions and suppression of the electron-interface optical phonon scattering) become less effective while increased localization of the electron w.f. results in growing strength of the electron interaction with confined optical phonons. The latter explains the mobility reduction for x > 0 055. In Figure 35 , we also show the electron mobility (dash-dotted curve), which was calculated assuming the intra-subband (1 ←→ 1) scattering only, and by completely neglecting 1←→2 and 2←→2 scattering transactions. As one can see, this curve strongly differs from the mobility calculated with all relevant scattering mechanisms (solid curve). This confirms that in the considered heterostructures the inter-subband electron transitions play an important role.
In Figure 36 we plotted the mobility enhancement factor-ratio of the electron mobility in the AlN/GaN/AlN QW with In x Ga 1−x N nanogroove to the electron mobility in the conventional AlN/GaN/AlN QW. The ratio, defined as R x T = x T / x = 0 T , is plotted as a function of In content x and temperature T for the electron concentration of N e = 5 · 10 12 cm −2 . The maximum enhancement R max is in the range from four to five for all considered temperatures. The intriguing result is that enhancement is preserved at elevated T ∼ 400 K and above, which is important for GaN-based high power-density devices.
A direct comparison of the calculated with experiment is currently not possible since the available data for AlGaN/GaN HFETs is affected by the electron spillover, parallel conduction channels, defects, etc., 59 60 It is meaningful though to validate the model using data reported for similar structures. Levinshtein et al. 61 reported = 0 14 m 2 /V s for GaN-based HFETs with additional SiO 2 barrier layer for improved carrier confinement. Our calculated value for N s = 10 13 cm −2 and uncompensated 2000 kV/cm field is only 25% higher, which can be explained by the neglected surface roughness and defect scattering.
In conclusion, we have shown that the mobility in GaNbased QWs with the strong built-in field can be substantially enhanced by compensating the built-in field with the external perpendicular electric field or introduction of narrow In x Ga 1−x N channel-nanogroove in the middle of the GaN potential well. The enhancement is strong even at T = 300 K for a wide range of the carrier densities. The intriguing non-monotonic dependence of the mobility on electric field and Indium concentration is explained by the interplay of the intra-and inter-subband scattering processes. The described enhancement via introduction of In x Ga 1−x N nanogroove is expected to work in the presence of the structural defects as well. The outlined approach for the mobility enhancement at room temperature and above might be useful for optimization of layout of the GaNbased high-power transistors.
